We study the properties of the third order sequence (w n ) = (w n (a, b, c; r, s, t)) defined by the recurrence relation w n = rw n−1 + sw n−2 + tw n−3 (n ≥ 3) with w 0 = a, w 1 = b, w 2 = c, where a, b, c, r, s and t are arbitrary complex numbers and t = 0. Properties examined include the partial sum of the terms of the sequence, with indices in arithmetic progression, as well as double binomial summation identities.
Introduction and preliminary results
We wish to study the properties of the linear homogeneous third order sequence (w n ) = (w n (a, b, c; r, s, t)) defined by the recurrence relation w n = rw n−1 + sw n−2 + tw n−3 (n ≥ 3) ;
(1.1) with w 0 = a, w 1 = b, w 2 = c, where a, b, c, r, s and t are arbitrary complex numbers, with t = 0.
The sequence (w n ) and its special cases have been studied by various authors, notably Jarden [4] , Shannon and Horadam [7] , Yalavigi [9] , Pethe [5] , Gerdes [2] , Waddil [8] and Rabinowitz [6] . Our main aim here is to develop presumably new properties of (w n ). Chief among these are the partial sum of the terms of the sequence, with indices in arithmetic progression, double binomial summation identities and multiple argument formulas.
The table below shows some special cases of (w n ), the first four of which are now well known in the literature.
Name a b c r s t Tribonacci, T n 0 1 1 1 1 1 Tribonacci-Lucas, K n 3 1 3 1 1 1 Padovan, P n 1 1 1 0 1 1 Perrin, Q n 3 0 2 0 1 1 Generalized Tribonacci, T n a b c 1 1 1 Generalized Padovan, P n a b c 0 1 1 Let α, β and γ be the zeroes (assumed all distinct) of the characteristic polynomial x 3 − rx 2 − sx − t of the sequence (w n ). Then, α + β + γ = r, αβγ = t, αβ + αγ + βγ = −s .
(1.2)
Standard methods for solving difference equations give
where
Three important particular cases of (w n ) are (u n (r, s, t)), (v n (r, s, t)) and (z n (r, s, t)), with terms given by u n (r, s, t) = w n (0, 1, r; r, s, t), v n (r, s, t) = w n (3, r, r 2 +2s; r, s, t) and z n (r, s, t) = w n (1, 1, 1; r, s, t). Thus,
and
Note that T n = u n (1, 1, 1), K n = v n (1, 1, 1), P n = z n (0, 1, 1) and Q n = v n (0, 1, 1).
Extension of the definition of (w n ) to negative indices is provided by writing the recurrence relation as
The table below shows the first few terms of the sequences (u n ), v n and (z n ):
The identities in (1.2) and identity (1.6) can be collected as
The following identity holds for integers n and m:
In particular, we have w n = bu n + (c − br)u n−1 + atu n−2 (1.14)
which also gives v n = ru n + 2su n−1 + 3tu n−2 , (1.15)
with similar expressions for β n and γ n .
Proof. We seek to express a number from the (w n ) sequence as a linear combination of three numbers from the (u n ) sequence. Let
where the coefficients f 1 , f 2 and f 3 are to be determined. Setting n = 0, n = 1 and n = 2, in turn, we find f 1 = w m+1 , f 2 = w m+2 − rw m+1 and f 3 = tw m and the identity of the theorem is established after shifting the indices m and n.
Note that identity(1.17) follows from the fact that the sequences (α n ), (β n ) and (γ n ) are also special cases of the generalized sequence (w n ).
The identities below, in Theorem 2, based on identities (1.6) and (1.17), make it possible to access the negative index terms of (w n ) and the special cases directly, without using the recurrence relation (1.10).
Theorem 2. The following identities hold for any integer n:
Proof. Since α and α 2 are linearly independent irrationals, write
where n is an integer and c 1 , c 2 and c 3 are to be determined. Thus, we have
where we have used identity (1.17) with f n = u n−1 , g n = u n − ru n−1 and h n = tu n−2 .
From Lemma 1 and identity (1.22) we have
to be solved simultaneously for the coefficients c 1 , c 2 and c 3 .
We find
Now, from (1.17), we have
Equating coefficients of α 2 from (1.21) and (1.25), using (1.23), and shifting index gives
so that we have
Application of the principle of mathematical induction shows that ∆ n = t n and identity (1.19) follows.
We have
from which identity (1.20) follows.
Use of (1.19) in (1.14) gives
We require the following identities in the sequel:
Lemma 2. The following identities hold for arbitrary x 1 , x 2 , x 3 :
29)
Lemma 3. The following identity holds for integers n and m and arbitrary x 1 , x 2 , x 3 , c 1 , c 2 and c 3 :
Lemma 4. The following identity holds for integers m, n and k and arbitrary c 1 , c 2 , c 3 ,
Proof. The identity expresses the linear combination of the following geometric progression summation identities:
.
Lemma 5 ([1, Lemma 5])
. Let (X n ) be any arbitrary sequence, X n satisfying a four-term recurrence relation hX n = f 1 X n−c 1 +f 2 X n−c 2 +f 3 X n−c 3 , where h, f 1 , f 2 and f 3 are arbitrary non-vanishing functions and c 1 , c 2 and c 3 are integers. Then, the following identities hold:
(1.37)
Main results
Theorem 3 (Partial sum of the terms of the w sequence with indices in arithmetic progression). The following identity holds for integers m, n and k:
Proof. Set (x 1 , x 2 , x 3 ) = (α, β, γ) and (c 1 , c 2 , c 3 ) = (A, B, C) in Lemma 4.
In particular, we have
Rabinowitz [6, Identities (48) , (49) and (50)] are special cases of the identity of Theorem 3.
Corollary 4 (Generating function for the w sequence with indices in arithmetic progression). The following identity holds for integers m, n and k:
and in particular,
Theorem 5 (Exponential generating function for the w sequence with indices in arithmetic progression). The following identity holds for integers m and n:
Theorem 6 (Partial sum of the squares of the terms of the v sequence, with indices in arithmetic progression). The following identity holds for integers m, n and k:
Proof. Replace n with n + mj in identity (1.20), multiply through by h j and sum over j, obtaining
Now make use of Theorem 3 to evaluate the sums on the right hand side.
Corollary 7 (Generating function for the squares of the terms of the v sequence, with indices in arithmetic progression). The following identity holds for integers m, n and k:
Theorem 8 (Partial sum of the products of the terms of the u sequence and the v sequence, with indices in arithmetic progression). The following identity holds for integers m, n:
Proof. Replace n with n + mj in identity (2.12), multiply through by h j and sum over j, obtaining
Corollary 9 (Generating function for the products of the terms of the u sequence and the v sequence, with indices in arithmetic progression). The following identity holds for integers m, n:
Theorem 10 (Multiple argument formulas for the v sequence). The following identities hold for integer n:
(2.6) which gives
at m = n and u −n = (u 2n−3 − u n−2 v n−1 )/t n−1 (2.13) at m = n + 1.
Setting n = 2m, and n = 2m − 1, in turn, in (2.11) and changing index back to n, we have v −n = u 2n v n − u 3n t n u n , n / ∈ {−1, 0} , (2.14)
and v −n = u 2n−1 v n − u 3n−1 t n u n−1 , n / ∈ {0, 1} . Proof. Division through identity (1.19) by u n u n−1 and a shift of index gives 
